The aim of this study was to develop an analytical model based on a fiber model technique for representing the behavior of a reinforced Reactive Powder Concrete (RPC) beam subjected to rapid flexural loads. In the analytical model, first, the moment-curvature relationship of the section of the RPC beam was calculated, considering the fact that the constituent materials, i.e., RPC and reinforcing steel, exhibit strain rate effects on mechanical properties. Then, the load-midspan deflection relationship was obtained through the moment-curvature relationship. The analytical model was applied to the experimental results for verification. The analytical results were in good agreement with the experimental results. Subsequently, analytical investigations were performed to find out the influence of variables, such as loading rates, compressive strengths, the amount of reinforcing steel and the volume fraction of steel fibers, on the behaviors of RPC beams.
Introduction
Reactive Powder Concrete (RPC) reinforced with short steel fibers, which is generally classified as high-performance fiber reinforced cementitious composite, has ultra-high strength and high toughness. These excellent properties make it very suitable for structures that need to resist the impact loading that may result from crashing vehicles, ships or airplanes, falling rocks, avalanches or explosions.
To examine the structural safety of RPC members subjected to impact loadings in design, it is essential to analytically predict both the load bearing capacity and the deformation capacity of the RPC members, considering strain rate effects on the mechanical properties of constituent materials, i.e., RPC and reinforcing steel. RPC, however, being a relatively new material, little analytical work has been performed on the behavior of RPC subjected to impact loading. Meanwhile, we have already performed rapid flexural loading testing of RPC beams to investigate the influence of the loading rate and amount of longitudinal steel reinforcing bar on the mechanical characteristics of RPC beams (Ueda et al. 2005) . The quasi-static flexural response of RPC beams under constant high deformation velocity was examined during this testing.
In recent years, finite element methods or analytical methods based on a fiber model technique have been applied to nonlinear analysis in which the load-deflection relationships of reinforced concrete beams under flexural loads are obtained. From a practical point of view, the analytical method based on the fiber model technique is excellent to the extent that it can easily model the behaviors of reinforced concrete members through crack occurrence to the ultimate state with little computational effort (Park and Paulay 1975 , Poston et al. 1985 , Krauthammer et al. 1987 , Ikeda et al. 1990 , Suzuki et al. 1994 , Watson et al. 1994 , Ahmad and Weerakoon 1995 , Ezeldin and Shiah 1995 . The fiber model technique has been successfully applied not only to reinforced concrete members but also to concrete-filled steel tube members (Tomii and Sakino 1979, Varma et al. 2005) .
This study provides an analytical model to determine a load-midspan deflection relationship for a reinforced RPC beam, in which the loading rate effects of the constituent materials are duly considered. The analytical model includes 1) determining the moment-curvature relationship of the section of the RPC beam based on the fiber model technique; and 2) evaluating the loadmidspan deflection relationship through the momentcurvature relationship.
Nonlinear analysis based on fiber model technique
This study is intended to develop an analytical model to predict the load-midspan deflection relationship of a reinforced RPC beam (hereafter simply referred to as "RPC beam") subjected to rapid flexural loads as shown in Fig. 1 . The RPC beam is simply supported over a span L , and loaded symmetrically at two points at the midspan deflection rate δ . 
Section analysis 2.1.1 Basic assumptions
In section analysis based on a fiber model technique, the section of the RPC beam was divided into a number of discrete fiber elements, as shown in Fig. 2 . The following assumptions were made to calculate the momentcurvature relationship.
1) Plane sections of the RPC beam before bending remain plane after bending. 2) Stress and strain within each discrete fiber element are constant over the element, and these values are calculated at the centroid of the fiber element. 3) Additional deformation due to shearing force is ignored. 4) A perfect bond exists between RPC and reinforcing steel. 5) The stress-strain curves for RPC and reinforcing steel are known. 6) To incorporate the rate dependences of the constituent materials, the curvature varies with the constant curvature rate φ .
Stress-strain relationship of RPC with strain rate effects
(1) In tension Fujikake et al. (2006) have proposed the tensile stresscrack opening relationship of RPC with rate effects as follows: f , = static tensile strength = 10.8 MPa, and st ε = strain rate corresponding to static loading = 1.0×10 -6 /s. For the section analysis using the fiber model technique, the tensile stress-crack opening relationship has to be transformed into the tensile stress-strain relationship expressed in an average strain within a crack spacing c L as shown in Fig. 3 . Based on the fictitious crack model by Hillerborg et al. (1976) , a deformation at any stress after cracking within the crack spacing c L consists of an elastic deformation for the concrete between cracks and a crack opening c w at the crack. The average tensile strain within the crack spacing is calculated as the total 
(2) In compression RPC subjected to rapid compressive loading does not exhibit significant nonlinear behavior (Fujikake et al. (2002) ). As shown in Fig. 4 , the compressive stressstrain relationship of RPC can be assumed as linear elastic because of its simplicity, in which the dynamic uniaxial compressive strength
′ with the rate effect is defined as an ultimate state. Thus, the compressive stress-strain relationship can be given as:
where Fujikake et al. (2002) have proposed a dynamic failure criterion to predict the maximum strengths of RPC, in which the effects of steel fiber volume fractions, strain-rates and triaxial compressive stresses were considered. Thus, for RPC with a steel fiber volume fraction of 2%, the dynamic increased ratio of dynamic compressive strength 
In a similar manner, it is simply assumed that the following relationship exists between the curvature rate φ and the midspan deflection rate δ .
This assumption seems to be reasonable because the influence of loading rate on the mechanical properties of RPC is expressed as a function of the logarithmic value of the strain rate.
Analytical moment-curvature relationship
Dividing the reinforced concrete section into n-fiber elements as shown in Fig. 2 , an axial load and bending moment acting on the section are given as: 
where 0 y = distance from the extreme compression fiber to the neutral axis, and φ = curvature of the section.
From the basic assumptions, strain rates vary linearly with depth at the section as well. Once the curvature rate φ is given, the strain rate at each fiber element is determined as: 
at the corresponding elements. Figure 6 shows the cal- (16), (17), (18), (19) Calculate each concrete fiber stress and re-bar stress by Eq. (3), (8), (11) Calculate axial force by Eq. (14) Calculate bending moment by Eq. (15) Does the strain of extreme compression fiber reach ultimate state? culation flow for the moment-curvature relationship.
Load-midspan deflection curves of RPC beams subjected to rapid flexural loads
The midspan deflection of an RPC beam subjected to rapid flexural loading at the midspan deflection rate δ can be calculated by integrating the curvature distribution over the half-length of the beam, which is determined based on the moment-curvature relationship obtained from the section analysis at the curvature rate φ given by Eq. (13), taking the boundary conditions into consideration.
As shown in Fig. 7 , the half-length of the beam is considered in the calculation. The half-length of the span without the pure bending moment region is divided into m equal segments. The coordinate at each division point is follows:
, and cm L = length of a pure bending moment region.
Assuming that the bending moment cm M acts on the pure bending moment region, from the relationship between the load 2 P at m x and the bending moment cm M , the total load P acting on the beam is calculated as:
The bending moment at any point j x (j=0~m) is given as:
Once the bending moment j M at each point is calculated, the corresponding curvature j φ is determined from the moment-curvature relationship. Hence, the midspan deflection can be calculated as:
Verification of nonlinear analysis based on fiber model technique

Comparison of analytical results with rapid flexural loading test results
To verify the proposed nonlinear analysis based on the fiber model technique, the proposed analysis was applied to the experimental results obtained by Ueda et al. (2005) . Ueda et al. have performed the rapid flexural loading test for RPC beams. In the test, the RPC beams were simply supported over a span of 1200 mm. Figure 8 shows the cross-section of an RPC beam. Two different amounts of longitudinal steel reinforcement with an yield strength of 295 MPa were provided. They were designated as FM13 and FM19, respectively. Three numbers of deformed bars with a diameter of 13 mm for FM13 and 19 mm for FM19 were used. The tensile reinforcement areas provided for the FM13 and FM19 were 380 and 859 mm 2 , respectively. The RPC beams were loaded symmetrically at two points spaced 150 mm apart at the midspan deflection rates of 1.4×10 -4 , 4.5×10 Ueda et al. (2005) . First the analytical results are compared with the test data obtained from the static flexural loading test of RPC beams. The material parameters used in the analysis are a static compressive strength of 214.7 MPa and an elastic modulus of 55.0 GPa for RPC, and a static yield strength of 295 MPa and an elastic modulus of 200 GPa for reinforcing steel. In the analysis, the crack spacing length for evaluating the tensile stress-strain relationship is selected to be 50, 75, 100 or 125 mm. The cross-section of the RPC beam in Fig. 8 is divided into 200 discrete fiber elements. The half-length of the span without the pure bending moment region is divided into 100 equal segments as well. The analysis is terminated when the stress of the extreme compression fiber of RPC reaches the compressive strength. Figure 9 shows the experimental and the analytical results. As can be seen, when the crack spacing c L is 75 mm, the analytical results are in good agreement with the experimental results. However, the initial stiffness of the experimental result seems to be lower than that of the analytical result due the extraneous deformations due to settlement and crushing at the supports. The analytical results clearly show that the value of the crack spacing amine the crack spacing precisely, another flexural loading test for the RPC beams with different lengths of pure bending region will be required. For the FM13 and the FM19 beams with different amounts of reinforcing steel, comparison of the analytical results with the test results was executed. Figures 10  and 11 show the load-midspan deflection curves at the midspan deflection rates of 4.5×10 -2 , 4.9×10 -1 and 2.1×10 0 m/s. In the analysis, a crack spacing of 75 mm was selected, based on the analytical results under static loading. The analytical results can be seen to be in good agreement with the test results at each loading rate. Thus, the proposed nonlinear analysis can be used to represent the behavior of RPC beams under dynamic loading, unless the RPC beams exhibit shear failure. The RPC beams in the test still have a certain level of load bearing capacity over the ultimate midspan deflection obtained from the proposed nonlinear analysis. In design, RPC beams subjected to impact loads are strongly required to possess a certain level of redundancy to prevent catastrophic failure. From that perspective, the ultimate state determined by the proposed nonlinear analysis seems to be reasonable. Kakei et al. (2003) have executed the static flexural loading test of a RPC beam with the same cross-section shown in Fig. 8 . In the test, the RPC beam was simply supported over a span of 1350 mm and loaded symmetrically at two points spaced 150 mm apart. The RPC had a compressive strength of 224.3 MPa and the reinforcing steel had a yield strength of 345 MPa. Figure 12 shows both the experimental and the analytical load-midspan deflection curves. The analytical curve is generally in agreement with the experimental curve. Figure 13 shows the load-midspan deflection curves calculated at the midspan deflection rates of 1.4×10 -4 , 4.5×10 -2 , 4.9×10 -1 and 2.1×10 0 m/s for the FM13 and FM19 beams. As can be seen, the maximum load increases with increases in the loading rate while the slope of the descending branch of the load-midspan deflection curve is much steeper with increases in the loading rate. The ultimate deflection increases with increasing the loading rate, while the deflections corresponding to the maximum loads are almost independent of the loading rates.
Experimental results of Kakei et al. (2003)
Analytical investigation
Influence of loading rate on load-midspan deflection
Normal stress distributions over a cross-section of RPC beam
The moment-curvature relationships calculated at the midspan deflection rates of 1.4×10 -4 and 2.1×10 0 m/s for the FM13 beam are shown in Fig. 14 , and the stress distributions over the cross-section at the four points of A to D in the figure are shown in Figs. 15 and 16 . Points A to D correspond to the crack occurrence, the first yielding of the reinforcing steel, the maximum load, and the ultimate state, respectively.
In the stress distributions, the position of the neutral axis moves upward with increases in curvature. When the moment reaches the maximum value, the stresses in tension are almost equal to the maximum tensile strength and uniformly distributed. After the maximum moment, the tensile stress at the bottom fiber decreases to zero at the ultimate state.
Strain rates over a cross-section of RPC beam
For the FM13 and FM19 beams loaded at the midspan deflection rate of 2.1×10 0 m/s, Fig. 17 shows the relationships between the strain rates both at the extreme compression fiber of RPC and at the centroid of tensile reinforcing steel and the curvatures. At the initial state of loading, the strain rates at the extreme compression fiber and at the reinforcing steel exhibit almost certain values, i.e., 1.8 and 0.8 /s, respectively. However, while the curvatures increase after crack formation, the strain rates at the extreme compression fiber and at the reinforcing steel are varied because the neutral axis position moves upwards, even though the curvature rate at the cross-section remains constant. When the curvature increases up to the ultimate value, the strain rate at the extreme compression fiber decreases to approximately one fifth of its initial value, while the strain rate at the reinforcing steel increases to three times its initial value. Figure 18 shows the influence of loading rates on both the yielding load and the maximum load for the FM13 and FM19 beams. The yield load and the maximum load can be seen to increase with increases in the loading rate. The yielding load and the maximum load at each loading rate for the FM13 beams are determined to be approximately 65% of those values for the FM19 beams, while the ratios of the maximum load to the yielding load at each loading rate for the FM13 and FM19 beams are approximately a constant value of 1.10 regardless of the amount of reinforcing steel.
Influence of loading rate on yielding load and maximum load
Influence of loading rate on absorbed energy
The absorbed energies corresponding to the yielding load, the maximum load and the ultimate load are calculated by integrating the load-midspan deflection curve obtained by the analysis. Figure 19 shows the relationship between the absorbed energies and the loading rates. The absorbed energies increase with increases in the loading rate. The energies absorbed up to the yielding load and up to the maximum load for the FM19 beams are approximately twice those for the FM13 beams. On the other hand, the ultimate energy, absorbed up to the defined ultimate state at which the stress of the extreme compression fiber of RPC reaches dynamic compressive strength
′ , for the FM19 beam is slightly larger than that for the FM13 beam at each loading rate and the comparison shows no significant differences after all.
Influence of loading rate on ductility
To investigate the structural performance of RPC beams in the analytical load-midspan deflection relationships, ductility is defined as the ratio of the deflection at the maximum load or at the ultimate state to the deflection at the yielding load. Figure 20 shows the ductility calculated for the FM13 and FM19 beams. The ductility corresponding to the maximum load for both the FM13 and FM19 beams is determined to be approximately 2.0. At the ultimate state, the ductility for the FM13 is approximately 6.5 at each loading rate, while that for the FM19 is 3.5 at each loading rate. In the ductility corresponding to the ultimate state, these analytical results suggest that the FM19 beams exhibit more brittle failure than the FM13 beams.
Crack distribution
The proposed analytical method assumes that the crack begins to form when the stresses at the cross-section reach the maximum tensile strength. Thus, in the section analysis, the crack depth corresponding to the given curvature can be easily estimated by checking the value of tensile stresses over the cross-section. Finally the crack depth-moment relationship is calculated from both the moment-curvature relationship and the crack depth-curvature relationship obtained from the section analysis. The crack depth induced at any position in the RPC beam can be evaluated based on the calculated crack depth-moment relationship. -4 m/s. The crack distribution lengths for the FM13 and the FM19 beams were actually 800 mm and 1000 mm in the test, respectively (Ueda et al. 2005) . The influence of the loading rate on the length of the crack region has not been observed. The length of the crack region estimated by the analysis almost agrees with that obtained from the rapid loading test.
Influence of compressive strength on load-midspan deflection relationships
To examine the influence of the magnitude of compressive strength on the load-midspan deflection relationships, in the analysis for the FM13 specimen subjected to static loading, the load-midspan deflection curves were calculated with the compressive strengths of 150, 175, 200, 225 and 700 MPa. Figure 22 shows the analytical results. Each of the load-midspan deflection curves can be seen to follow the same path, while the compressive strengths are different. The magnitude of the compressive strength clearly affects the ultimate midspan deflection. The ultimate midspan deflection increases with increases in compressive strength.
Influence of steel fibers on behaviors of RPC beams
The responses of the beams using ultra-high strength concrete with or without steel fibers are examined by using the proposed nonlinear analysis. The stress-strain relationships used in the analysis for the ultra-high strength concrete with or without steel fibers are shown in Fig. 23 . The difference in the stress-strain relationships for the ultra-high strength concrete with or without steel fibers is only in the tensile behaviors after the maximum tensile strength. The ultra-high strength concrete without steel fibers is assumed to behave like an elastic-brittle material under tensile loading, so that in the tensile stress-strain relationship, the tensile stress suddenly drops to zero after reaching the maximum tensile strength.
To verify the analytical method for the ultra-high strength concrete without steel fibers, the analytical model was applied to the experimental results of Kakei et al. (2003) . Kakei et al. have provided the static flexural bending test on a reinforced ultra-high strength concrete beam with the same cross-section of the FM13 and with a shear reinforcement ratio of 2.0%. In the test, the beam was simply supported over a span of 1350 mm, and was loaded symmetrically at two points spaced 150 mm apart. The compressive strength of the ultra-high strength concrete used was 209.4 MPa, and the yield strength of the reinforcing steel used was 345 MPa as well. Figure 24 shows both the experimental and the analytical results. As can be seen, the analytical result agrees well with the experimental result. However, Kakei et al. have not clearly touched on whether the ultra-high strength concrete beam reached the ultimate state or not, so that the analytical ultimate midspan deflection cannot be simply compared with the experimental one. Thus further experimental research will be required to check analytical performance in terms of the ultimate midspan deflection.
To analytically investigate the behaviors of ultra-high strength concrete beams with and without steel fibers and with the same shape and size, reinforcing steel ratio and loading condition as those of the FM13 beam described in the previous section, the moment-curvature relationships were calculated at the midspan deflection rates of 1.4×10 -4 and 2.1×10 0 m/s. The analytical results are shown in Fig. 25 . The steel fibers clearly affect the moment-curvature relationships. Softening behavior was observed after the maximum moment for the beam with steel fibers, while hardening behavior was observed up to the maximum moment after the yielding moment for the beam without steel fibers.
The influence of steel fibers on the yielding moment was analytically investigated for the FM13 and FM19 beams. Figure 26 shows the analytical results. The FM13 and FM19 beams with steel fibers have yield moment values twice and one-and-a-half times those of FM13 and FM19 beams without steel fibers, respectively. It is clear from the results that the yield moment increases by mixing steel fibers into ultra-high strength concrete. The smaller the reinforcement ratios, the greater the efficiency of steel fibers in improving the yield moment. 
Conclusions
Based on the results presented in this paper, the following conclusions can be drawn. 1. The proposed analytical model based on the fiber model technique, in which the strain rate effects of RPC and reinforcing steel were duly considered, is in good agreement with the experimental results. 2. In the analytical load-midspan deflection relationships, the increase in loading rate results in 1) an increase in maximum load, 2) an increase in descending slope after the maximum load and 3) an increase in ultimate deflection. However, the deflection corresponding to the maximum load is almost unaffected by the loading rate. 3. In the stress distribution over the cross-section of RPC beams, at the maximum moment, the stresses in tension were almost equal to the maximum tensile strength and were uniformly distributed. 4. The strain rates induced over the cross-section of RPC beams were examined using the proposed analytical method. A change in strain rates occurs following the start of crack formation at the section. 5. The yielding load and the maximum load at each loading rate for the FM13 beam were determined to be approximately 65% of those for the FM19 beam. 6. Compared with the analytical results for the FM13 and FM19 beams, the increase in the amount of reinforcing steel improved the yielding load and the maximum load at each loading rate. The ultimate energy, however, was almost identical regardless of tension reinforcement.
7. The ductility at the maximum load was determined to be approximately 2.0 regardless of the amount of reinforcing steel at each loading rate, while the ductility at the ultimate state decreased with an increase in the amount of reinforcing steel at each loading rate. 8. At the ultimate state, the FM13 beam had a ductility of approximately 6.5, while the FM19 beam had a ductility of approximately 3.5. 9. The crack distribution length obtained by the proposed analytical method almost completely agreed with that obtained from the rapid flexural loading test. 10. The ultimate midspan deflection increased with increases in compressive strength. 11. The load-midspan deflection curves for the RPC beams with different compressive strengths followed the same path under static loading. 12. The yielding moment increases by mixing steel fibers into ultra-high strength concrete. The smaller the reinforcement ratio, the greater the efficiency of steel fibers in improving the yield moment. 
